Re-exam
Thermal Physics
2019-2020

Thursday April 9, 2020
8:30-11:30

Due to intervention of the corona virus administrated as an on-line exam on June 25, 2020

Read these instructions carefully before making the exam!

e Write your name and student number on every sheet.

e Make sure to write readable for other people than yourself. Points
will NOT be given for answers in illegible writing.

e Language; your answers have to be in English.

e Use separate sheets of paper for your answers to problems 1, 2, 3
and for problems 4, 5, 6 (see figure at the bottom of this page).

e Use of a (graphing) calculator is allowed.

e This exam consists of 6 problems.

e The weight of the problems is: Problem 1 (P1=15 pts); Problem 2
(P2=15 pts); Problem 3 (P3=15 pts); Problem 4 (P4=15 pts)
Problem 5 (P5=15 pts); Problem 6 (P6=15 pts). Weights of the
various subproblems are indicated at the beginning of each
problem.

e The grade of the exam is calculated as (P1+P2+P3
+P4+P5+P6+10)/10.

e For all problems you have to write down your arguments and the
intermediate steps in your calculation, else the answer will be
considered as incomplete and points will be deducted.

PROBLEM 1,2,3 PROBLEM 4,5,6
Name S-number| Name S-number]







b)

PROBLEM 1
Score: a+b+c =5+5+5=15

Consider throwing with a number of fair dice.

For a system of 2 dice calculate the entropy of throwing:
e asumofl12,
e asumof?7.

For a system of 3 dice calculate the entropy of throwing:
e asum of 18,
e asum of 10.

Use your result to explain why the concept of entropy is most relevant for very large

number of particles.

Under which general circumstances can we approximate the air around us as an ideal
gas? Air consists mostly of N2. Under which conditions does N2 have a molar heat
capacity Cvm of 3R/2 and under which conditions does the heat capacity increase to

S5R/2 7

Consider two samples, each consisting of 1 mol N2 being expanded at 0°C from 4 dm?®
to 13.5 dm3 Sample 1 expands very slowly in an isothermal fashion, whereas sample 2
expands directly, against a constant external pressure. Determine the expansion work
for both cases. Use your result to explain the concept of reversible thermodynamic

processes.



PROBLEM 2
Score: a+b+c+d =4+4+4+3=15

The cycle involved in the operation of an internal combustion engine is called the Otto
cycle. Air can be considered to be the working substance which behaves as an ideal gas.
The cycle consists of the following steps:

1) areversible adiabatic compression from A to B;

2) areversible constant-volume pressure increase from B to C due to the combustion
of a small amount of fuel;

3) areversible adiabatic expansion from C to D;

4) and a reversible and constant-volume pressure decrease from D to A.

Assume that the working substance is one mole of air. In state A, the volume is V, =
4 litre, the pressure is p, = 1 bar, and the temperature is T, = 300 K. It is also known
that V, = 10 Vg, pc = 5 pg, Cpm = 7/2R and Cpp — Cym = R.

Hint: For adiabatic changes in an ideal gas, we have:

o= (?)C With ¢ = Cy /R

a) Sketch this thermodynamic cycle in a p — V diagram. Indicate in which steps heat
flows and in which direction (into the system and out of the system).

b) Show that Tz = 754 K, T, = 3768 K and T, = 1500 K.

c) Determine the work done by the system in every step.

d) The efficiency of this idealized process is n~0.6. How could you increase the
efficiency? Why is the efficiency lower in reality?



PROBLEM 3
Score: a+b+c=6+6+3=15

The thermal diffusion equation for a system that includes a heat source, has the form:
‘2—7; = EVZT + % Here, C = pc is the heat capacity per unit volume, i.e. the material

density p times the specific heat capacity c. k is the thermal conductivity of the material
and H is the generated heat per unit volume (measured in W/m?3).

X

L

Now consider a steel bar of length L =1 m and diameter D =1 mm (Kgtee; =
50 Wm*K). Both ends of the bar are connected to a heat bath that ensures the bar ends
are kept at the same temperature T = T,. Heat is generated in the bar, by letting an
electric current flow through it. After a short while, a steady state is reached, in which
the temperature profile along the bar does not change anymore.

a) Find a functional form for T'(x) that is a solution of the thermal diffusion equation
for the steady-state situation

b) Use the given boundary conditions to determine the integration constants in T (x).

c) Determine the temperature in the middle of the metal bar when the bar is heated
electrically with 10 W.



PROBLEM 4
Score: a+b+c+d =4+4+4+3=15

Consider a crystal of N independent identical particles. Each of these particles has three
non-degenerate energy levels namely, —&, 0 and . The crystal is in equilibrium with a
heat bath with temperature T.

a) Calculate the partition function Z, for a single particle.

b) Calculate the probabilities P_,, P, and P; that the energy levels —¢, 0 and ¢ of this
particle are occupied and give the values of P_;, P, and P; in the low-temperature
limit (T — 0) and the-high temperature limit (T — o).

c) Calculate the internal energy U of the crystal of N particles.

d) Show that the entropy S of the crystal of N particles is given by:

e e Pe—ehe
S=N]
{Te58+1+e‘5

—+ kln(efe+ 1+ e‘ﬁe)}

and show that this expression is consistent with the third law of thermodynamics.



PROBLEM 5
Score: a+b+c+d=4+3+4+4=15

A gas of photons is confined to a cavity with volume V. The cavity is kept at a
temperature T and the gas and the cavity are in thermal equilibrium. The single particle
(photon) energy levels are ¢; = hw;, i = 1,2,--- and the occupation numbers of these
energy levels are n;, i = 1,2,---. The partition function Z,, for this gas can be
expressed as:

o [o2]

th — e—ﬁ(n1€1+"232+"')

n1=0 Tl2=0

a) Show that the logarithm of this partition function can be written as:

InZy, = - Z In(1 — e~A¢) with ¢; = hw; the single photon energy levels.

=1

b) Show that density of states of a photon in the cavity can be written as,
Vw?dw
m?c3

g(w)dw =

c) Show that the logarithm in a) can be expressed as,

k3

3
45h3¢3 T

In th =

(HINT: transform the sum in an integral, use the density of states from b) and use the
table of integrals).

d) Calculate the Helmholtz free energy F, the entropy S, the internal energy U and the
pressure P of the photon gas. Express your answers in terms of V, T and physical
constants.



PROBLEM 6
Score: a+b+c+d =4+4+4+3=15

Considered a 2D ideal gas of fermions with spin % enclosed in a square with area L2.

The gas is in equilibrium with a heat bath with temperature T and a particle reservoir
with chemical potential u.

a) Show that the density of states of this 2D ideal gas of electrons is independent of
energy and can be written as:

meL?

mh?

g(E)dE = dE

with m,, the electron mass.
We now cool the 2D ideal gas of fermions to temperature T = 0.

b) Give the definition of the Fermi energy Er.
c) Calculate the Fermi energy for the 2D ideal gas of electrons.

d) Show that at T = 0 the internal energy of this gas is given by U = %NEF.



Solutions

PROBLEM 1

a)

The entropy is given by S = kg In Q, thus

2dice,sum12: Q=1;S=kgln1 =0

2 dice, sum 7: we have {(1,6);(2,5); (3,4)} and their permutations {2; 2; 2} giving
W=2+24+2=6;S=kzlné6

2 dice: total number of possibilities: 36 (6x 6)

3dice,sum18: Q0 =1; S=kzglnl1 =0

3 dice, sum 10: we have {(6,2,2); (6,3,1); (5,4,1); (5,2,3); (4,4,2); (4,3,3)} and their
permutations {3; 6; 6; 6;3;3} givingQ=3+6+6+6+3+3 =27;S = kgIn27
3 dice: total number of possibilities: 216 (6 X 6 X 6)

When going from 2 to 3 dice, the probability for a macrostate (outcome 12, 18) with
only a single microstate decreases from 1/36 to 1/216. The probability for the
macrostate with the most microstates (7, 10) decreases only from 6/36=0.17 to
27/216=0.125. For very many dice (particles), virtually only macrostates with the most
microstates are populated — entropy is maximized.

b)
Ideal gas: pointlike particles, only repulsive interactions, hard spheres, Newton’s laws

apply.
This is a good approximation for low pressure (few collisions) and high temperature

(attractive interactions don’t play an important role). C;, = ;R represents particles with

three degrees of freedom, i.e. translation of the entire molecule in x, y, z. At sufficiently
high T, internal degrees of freedom are unlocked, firstly rotation. Rotation along the

molecular axis does not contribute much and thus only %R is added. As a result, €, =

2R.
2
c)
For a reversible isothermal expansion, we have dW = —pdV thus,
W =— j pdV
And for an ideal gas,
W = nRT av
B Vv

W = —nRT [~ dV = —nRTIn-2 = =1 X 83145 X 273 In=22] = —2761]
1

For an expansion against constant (the final) pressure we first the determine final
pressure using the ideal gas law in the end point (volume is 13.5 dmq) of the expansion,



pV = nRT

nRT _ 1x8.3145 X273

p=—= Pa= 1.68 x 10° Pa
|4 0.0135

Then we determine the work,

W = —p(AV) = 1.68 X 105 (0.004 — 0.0135) J = —1596J



PROBLEM 2

a)

1-2; Isentropic compression
2-3: constant volume heat addition
3-4: Isentropic Expansion

3 4-1: Constant volume heat rejection

Wous

.
L

Va=V; Vi=V,

Oz narmerhanicalb

b)
Determine Tg:
Va _ (Ta\?
(1)
Ty = 105 X T, = 754 K
Determine T:
pgVs = nRTg and p.V, = nRT, with Vz =V,
pe_Ts _1
pc Tc 5
T, =5xTz = 3770 K
Determine Tp:
Ve Ve 1 (Tp\:
Vo V, 10 (T_C>

T, = (%)é T, = 1500 K

c

I\?o work done in steps 2 and 4 (no volume change).
Step 1:

w=Cy(Ty —Tg) = gR(soo — 754)] = —9.436 kJ
Step 3:

w = Gy (T¢ — Tp) = 2R(3770 — 1500)J = 47.185 KJ
d)

Efficiency can be increased by increasing the temperature range. Efficiency is lost,
because in reality there is no such thing as a reversible process.



PROBLEM 3

a)
Thermal diffusion equation in steady state: Z—: =0,
ie. “ver+Z=0or Lv2r = -2
C C Cc (o
) 0°T _ H
In 1D: pre it
Polynomial Ansatz: T(x) =-— %%xz +ax+p
b)
boundary condition 1:
T(0) =T,
B =Ty
Boundary condition 2:
T(L) =T,
1H
_1H,
*T 2%
Plug into the Ansatz:
T(x) = 1A 2+1HL + T,
X) = > X 2% X 0
H 2
T (x) =E(Lx—x )+ Ty
c)
The middle of the rod is at x = %
Volume of therod: V = nr’L =7 x 107° méie. H = nxll(;_é wWm-3
T(L)_ H LL L? T HL2+T
2] 2k\"2 4 0" 24 0
o =202
-6
T(=)=ZX102 2 ¢ 4 300 K = 7958 + 300 K
(2) 2x50 4 + +

Way more than you would expect because losses (mostly EM radiation) are ignored.



PROBLEM 4

a)

Z, = z e PEn = gPE + 1 + ¢ P¢
n=-1,0,1

b)
ehe

T ePet 1+ e P

P_,

1
CePet+1+ePe

e hBe

ehe + 1+ e Pe

Py
Low temperature limit, f& — oo then

ehe ehe
-1

=eﬁ'8+1+e‘ﬁ5_)ﬁ

1 1

" ePe t 1+e‘58_)m_)O

p e~ Pe 0
1™ eBe 4 1+e‘/3£_)ﬁ

-0

High temperature limit, S& — 0 then

p ehe 1 1
= - —_ —
1T eBet14e B 14+14+1 3
p 1 1 1
= - — —

O " eBet14+ehe 14+1+1 3

e~ Pe 1 1

P1 g

TePeritePe 1+1+1 3
c)

The mean energy of 1 particle is,

_ PE — —cePE+ 0 + cePe _ ePe — gbe
(&) = Z nEn T T oBe 1y ePe  CePeyltebe
n=-1,0,1

Because the particles are independent, we have,



e~Pe — ghe

U= N() =N¢
(e efe+ 1+ e Pe

Another method is through the N-particle partition function Z

ZN = (Zl)N = (eﬁs + 1 + e—ﬁg)N

And use
dInZy 0
=— =—-N—(In(ef¢ +1+e7F¢)) >
S N (n(eP 1+ )
cePt — geP¢ e~ Pe — oPe
U=-N =N
ePerltehe " ePerltePe
d)

Use F=U—TSand F = —kT In Z), to find,

U—F U+kTInZy
= = =
T T

e e Pe—ehe
= N—
T ePe + 1+ e P

S +kin(efe +1+eF)" =

g e PE_ egbe 8 8
_ — € —-Be
S_N{Teﬁs+1+e—ﬁf+kln(e +1+e )}

At low temperatures f — oo and we find:

sonfE 0= (e 14+0)) > N EZE 4 kin(ere
= Mre g TRl F 1 0) = N +kin(e)

—N{—£+kﬁ£}—N{—£+E}— 0
B T B T kT)
According to the third law a system with a non-degenerate ground state has zero

entropy. In this case all particles are in the - ¢ state. There is only 1 such configuration,
thusS = kIn1 = 0.



PROBLEM 5

a)

The partition function can be further evaluated as

(0]

[e/0) [0.0] [0/0) [o/0) 1
th — z Z @ Bigtnaen ) — 1_[ 2 e~ Bnig) — Hm

n1=0n,=0 i=1 n;=0 i=1
where the geometrical series has been used.

Taking the logarithm gives:

InZ,, =- z ln(l - e‘ﬁgi)
i=1

b)

For photons the momentum p is related to energy € = hw = pc. Using this and that the
density of states for a spinless particle confined to an enclosure with volume V is
(expressed as a function of the particle’s momentum p):

V 2
g(p)dp = ﬁ‘lﬂp dp

in combination with the fact that the photon has two polarization states leads to,

3

(@) _2V4 (hw)2d<hw)_ 1% (h) 2 _Voldo
glwjaw = h3 T c c/) m2h3\c waw = m2c3

c)
Use the hint and make the energy levels continuous and replace the sum with an
integral and use the density of states from a),

[00] [ee]

anph = —] ln(1 — e_ﬁh“’)g(w)da) — _f ln(l _ e—ﬁhw)

0 0

Vow?dw
m2c3

With the substitution x = Shw this leads to,

oo

f In(1 — e ™)x2dx

0

|4 1
o =T

Use the table with the integrals and constants,

o)

5 4
In(1 —e~* __r
fn( e )xdx z
0



To find:
1% 1 n* k3

InZ,, = — = T3

N Zpn = 303 (BR)3 45 4533
d)
Helmholtz free energy F is given by: F = —kT InZ,,
Thus,

m2k*
— 4
F= 45h3c3 vr

From Helmholtz free energy F = U — TS we find,

dF = dU — TdS — SdT = (TdS — PdV) — TdS — SAT = —PdV — SdT

G (0F) 4p = (6F)
=~ \or), T v/,

oF 42 k*
o) A
%

Thus,

T/, ~ 45h3¢3

b (aF) 3 mlk* -
aV);  45h3c3
-k VT* + Ak VTt = ke vT*
45h3¢3 45h3¢3 15A3¢3

U=




PROBLEM 6

a)

From the solution of the 2D-wave equation: ¢ = Asink,xsink,y and taking this
function to vanishat x =y = 0and atx = y = L results in,

Ny T

‘I’lyTL' . . .
k, = - and k, = - with n, and n,, non-zero positive integers.

The total number of states with |k| < k is then given by, (the area of a quarter circle
because we have only positive integers, with radius k divided by the area of the unit
surface e.g. the surface of one state, in k-space).

%ﬂkz 11%k?
Ir'k) = > ==
E) 4 1
(Z
The number of states between k + dk and k is:
or 11%k

g(k)dk = T'(k+dk) —T(k) = ﬁdk = ETdk

. _ _ . _ \2mE _ 1 2m
Converting to energy p = vV2mE = hk we find, k = and dk = ST dE

and accounting for the two spin states of the electron (extra factor of 2) we find
11%k mlL?

b)
The Fermi energy is the value of the chemical potential x at absolute zero temperature:

Ep = u(T = 0)
c)

Total number of fermions is given by,

o)

N = f n(E) g(E)dE
0
with,
1
n(E) = e mr]

the mean number of fermions with energy E (Fermi-Dirac distribution)



Thus,

_mszoo dE

 wh? ) eBE-m +1
0

AndatT = 0,wehave Er = u(T = 0)andthus,and,n(E) =1 ifE < Er andn(E) =
0 if E > Eg. Thus,

Ep

N mL? f 4 mLZE £ Nﬂhz
- =— = =N—
0
d)
oo Sy Er
U= | En(E) g(E)E _mb EdE U _m EdE = mi’ Ef
—] n(E) g(E) _nhzfeﬂ(E—u)+1T?o _nhzj C2mh2 T F
0 0 0
1
:—NEF

2



